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, Abstract. In this paper we introduce the Yokonuma-Temperley-Lieb algebra as a quotient of 

■ the Yokonuma-Hecke algebra. We give a canonical basis and the dimension for this algebra. 

^ ' Further, we explore the possibility of the Juyumaya trace, defined on the Yokonuma-Hecke 

algebras, to pass through to the quotient algebras. 
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1. Introduction 
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By the seminal work of V.F.R. Jones |12| . a Markov trace can be constructed on the classi- 
f-H ' cal Temperley-Lieb algebra, leading to unexpected applications in knot theory. The Temperley- 

. Lieb algebra can be regarded as a quotient of the Iwahori-Hecke algebra. Moreover, the Ocneanu 

(-H I trace [1] defined on the Iwahori-Hecke algebras passes through to the quotient, reflecting the fact 

that the Jones polynomial is a special case of the HOMFLYPT or two-variable Jones polynomial 
for knots. 



In |6| the Yokonuma-Hecke algebra Y^^n (u) |15| has been defined as a quotient of the modular 
framed braid group J-d,n over a quadratic relation (Eq. [9]), involving the framing generators ti 
■ by means of certain weighted idempotents ej (Eq. [8]). Setting d = 1, the algebra Yi^„(ii) coin- 

lO . cides with the classical Iwahori-Hecke algebra. Moreover, in [5] also, the second author defined 

I a unique Markov trace on the algebras Y^ ,^ (u) . The algebra Y^^n (u) has been studied in [5] and 

|14| and has been used in [6], [7], |8] and [9] for applications to knot theory. 

' In this paper we construct a Temperley-Lieb analogue of the Yokonuma-Hecke algebra, the 

Yokonuma-Temperley-Lieb algebra, YTh^i niu), as a quotient of the Yokonuma-Hecke algebra 
over an appropriate two-sided ideal (Eq. [22]) . For d = 1, the algebra YTLi^„(t() coincides with 
1^ - TL„(g). We give a canonical basis for YTLrf „(ti) and a presentation with non-invertible genera- 

. tors. We then show that, surprisingly, the Juyumaya trace does not pass through to the quotient 

_KJ ; YTLrf,„(n). 

More precisely, in Section 2 we recall the definition and basic properties of the classical 
Temperley-Lieb algebra and the Yokonuma-Hecke algebra. In Section 3 we define the Yokonuma- 
Temperley Lieb algebra as a quotient of the Yokonuma-Hecke algebra (Definition 1). We also 
give a presentation with non-invertible generators for this algebra (Proposition [T]). We then 
prove that there exists a linear basis for YTLrf^„(n) where the highest and lowest index braiding 
generators appear at most once and we count the dimension of YTLrf^„(ti) (Proposition [3] and 
Theorem 2). Finally, in Section 4, we recall Ocneanu's theorem for the existence of a unique 
Markov trace on the Hecke algebras, H„(g), and we present Jones' combinatorial methods for 
defining the Markov trace on the Temperley-Lieb algebra as a factoring of the Ocneanu trace on 
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H„(g). We then explore the possibihty for the Juyumaya trace to pass through to the quotient 
YTLd^niu) of Yd^niu), in analogy to the Ocneanu trace, and we prove that it does not (Theorem 



2. Preliminaries 

2.1. The classical Temperley-Lieb algebra. The classical Temperley-Lieb algebra TL„ appeared 
in statistical mechanics and also in the study of von Neumann algebras with a type IIi factor. 
The algebra TL„ can be defined by generators 1, Li, . . . , L„_i subject to the following relations: 

= U 

LiLjLi = rLi, \i — j\ = 1 
LiLj = LjLi, \i — j\ > 1 

where r is a real number |11).|12|. The generators Lj are non-invertible. One can define the 
algebra TL„ with invertible generators as follows (see 

G^ := (q + l)U - 1 (1) 

where q is defined via = 2 + q + q~^ , see More precisely, the algebra TL„ can be 

presented by generators 1, Gi, . . . , Gn-i, corresponding to the generators fij of the classical braid 
group Bn, subject to the following relations: 

GiGjGi = GjGiGj, \i — j\ = 1 (2) 

GiGj = GjG„ \i-j\>l (3) 

Gf = (g-l)G,+g (4) 

GiGjGi + GjG,+GiGj + Gi + Gj + 1 = 0, \i - j\ = 1 (5) 

Consider q a non-zero complex number. The algebra given by the above presentation shall 
be denoted by TL„(g). Note that, by the first two relations there is an epimorphism of the 
group algebra of the classical braid group, Bn, on the algebra TL„(g). Also, that relations ([5]) 
are symmetric with respect to the indices i,j, so relations ([2]) follow from relations ([5]). Note, 
finally, that relations (j4]) are the well-known quadratic relations of the Iwahori-Hecke algebra 
Hn(9)- With this last presentation TLniq) can be considered as a quotient of the Uniq) over the 
two-sided ideal generated by relations ([5]). It turns out that the set: 

{('^ii^ji-i • • • G'ji-fci) (Gjfij^-i . . . Gj2_fc2) • • • {GjpGjp-i . . . Gjp_fcp)} , 

where 1 < Ji < J2 < • • • < ip < — 1 and 1 < ji — ki < j2 — ^2 < • • • < jp — kp, furnishes a linear 
basis for TL„(g) and the dimension of TL„(g) is equal to the n*'^ Catalan number Cn = (^^) 
|11|.|12|.|13|. Recall finally, that the Ocneanu trace on the algebras H„,(g) passes through to the 
quotient TL„,(g) for certain values of the trace parameter z, resulting in the trace that Jones 
originally constructed on the algebras TL„,. 

2.2. The Yokonuma-Hecke algebra. The classical braid group on n strands, Bn, is generated 
by the elementary braids cJi, . . . , cj„_i, where CTj is the positive crossing between the ith and 
the (i + l)st strand, satisfying the well-known braid relations: (Jidi+iCTj = cJj+iCJjCJj+i and 
aiaj = GiGj for |« — j| > 1. On the other hand the group Z" is generated by the "elemen- 
tary framings" (0, . . . , 0, 1, 0, . . . , 0) with 1 in the ith position. In the multiplicative notation 
an element a = (ai, . . . , an) G can be expressed as a = . . . t^", where ti,...,tn are the 
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standard multiplicative generators of Z". The framed braid group on n strands is then defined 
as: 

= X (6) 
where the action of i?„ on is given by the permutation induced by a braid on the indices: 

In particular, cjjtj = tj+icJj and tj+iCTj = CTjtj. A word w in Tn has, thus, the "splitting property", 
that is, it splits into the "framing" part and the "braiding" part: 

where a G Bn- So it; is a classical braid with an integer, its framing, attached to each strand. 
Topologically, an element of Z" is identified with a framed identity braid on n strands, while 
a classical braid in Bn is viewed as a framed braid with all framings 0. The multiplication in 
is defined by placing one braid on top of the other and collecting the total framing of each 
strand to the top. For a positive integer d, the d-modular framed braid gvoup on n strands, J~d,n^ 
is defined as the quotient of over the modular relations: 

tf = l {i = l,...,n) (7) 

Thus, J-'d.n = (Z/dZ)" X Bn- Framed braids in J-d,n have framings modulo d. Passing now to the 
group algebra CJ-d,ni we have the following elements Cj € C(Z/dZ)", which are idempotents. 

d-l 

e.:=^EC*m (i=l,...,n-l) (8) 

m=0 

In the sequel we fix it € C\{0, 1}. The Yokonuma-Hecke algebra Y^^n = Yd^niu) is defined as the 
quotient of the group algebra CJ-d,n over the two-sided ideal Id,n generated by the elements: 

af - I- {u - 1) ei- {u- 1) ei ai, (9) 

which give rise to the following quadratic relations in Yrf^„(n): 

= l + iu-l)ei + {u-l)eigi, (10) 

where gi corresponds to cjj (see [B] for diagrammatic interpretations). Since the quadratic rela- 
tions do not change the framing we have C(Z/(iZ)" C „ and we keep the same notation for 
the elements of C(Z/(iZ)" and for the elements ei in Y^^^. The elements gi are invertible: 

gri = + (n-i - 1) ei + (u'^ - 1) gi (11) 

From the above, a presentation of Y^^ is given by the generators 1, ti, . . . , t„, 51, . . . ,gn-i, sat- 
isfying: the braid relations and the quadratic relations (llOp for the gi's, the modular relations 
([7]), commuting relations for the tj's and the mixed relations below, according to ([6]): 

9iti = ti^igi 

QiU+i = Ugi (12) 
gitj = tjgi for j + l 

Remark 1. For d = 1 we have tj = 1 and Cj = t^t^^^ = 1, and in this case the quadratic relation 
(jlOP becomes gf = (u— l)gi +u, which is the quadratic relation (for q = u) oi the presentation of 
the classical Iwahori-Hecke algebra, H„(g), so Yi^„(ii) coincides with the algebra H„(q). Further, 
there is an obvious epimorphism of the Yokonuma-Hecke algebra Y^^ „(ii) onto the algebra H„(g) 
via the map: 

gi ^ Gi 
tj ^ 1. 
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For a fixed d, the natural inclusion J-d,n C J-d n+i of the classical and modular framed braids 
induces the following inclusion of algebras: 

Yd,o(u) C Yd,i{u) C Yd,2{u) C . . . (13) 

which in turn induces, the inductive system {Y d,n{'^))neM- Let Yrfoo(u) := IJneN^rf,"(^) 
corresponding inductive limit. In Theorem 12[5] it is proved that oo supports a Markov trace. 
More precisely, we have the following theorem: 

Theorem 1 (Juyumaya). Let z, xi, . . . , Xd~i G C. There exists a uniQue lineav tvace tr oti Y d.oo 
with values in C, such that: 

(1) tr(a6) = tr(6a) a, 6 e Yd,n 

(2) tr(l) = 1 

(3) ti{agnb) = ztr{ab) a,b Yd^n (Markov property) 

(4) tr(at^_^i) = XstT{a) l<s<d-l, a€ Yd,n 

The linear trace tr shall be called the Juyumaya trace. 

3. The Yokonuma-Temperley-Lieb Algebra 

3.1. We shall define the Yokonuma-Temperley-Lieb algebra as a quotient of the Yokonuma- 
Hecke algebra. 

Definition 1. The Yokonuma-Temperley-Lieb algebra, YTLd^n{u), is defined as the quotient: 

Y lLdn[U) = -, r- 

{gi9i+i9i + gi9i+i + 9i+i9i +9%+ 9i+i + 1) 

So, the algebra YTLd^n can be presented by the generators l,gi, . . . ,gn-i,ti, . . . ,tn, subject to 
the following relations: 

9i9j = 9j9i, > 1 (14) 

9i+i9i9i+i = 9i9i+i9i (15) 

= l + {u-l)ei{l + g^) (16) 

titj = tjti, for all i,j (17) 

tf = 1, for all i (18) 

9iti = U+i9i (19) 

9iU+i = ti9i (20) 

9itj = tjgi, for jVi, and j / i + 1 (21) 

9i9i+i9i = 9i9i+i - 9i+i9i - 9i - 9i+i - 1 (22) 
We shall refer to relations (1221) as the linear relations. 



Remark 2. In analogy to Remark [H for d = 1, and for q = u, YTLi^n(^^) coincides with the 
algebra TL„((/). Further, there is an epimorphism of the Yokonuma-Temperley-Lieb algebra 
YTLd^niu) onto the algebra TL„(g) via the map: 



9i ^ Gi 
tj ^ 1. 

In the rest of the paper we shall be using the notation YTLdn '■= YTLrf„(?x). 
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3.2. A presentation with non-invertible generators. In analogy with Eq. [T]one can obtain a pre- 
sentation for the Yokonuma-Temperley-Lieb algebra YTLfj^„ with the non-invertible generators: 

li:=^ig^ + l) (23) 

In particular we have: 

Proposition 1. YTL^^n can be viewed as the algebra generated by the elements: 

. . . lfi—l,ti, . . . ,tn 

which satisfy the following defining relations: 

tf = 1, for all i 
titj = tjti, for alii, j 
ktj = tjk, for j / i, and j + 1 

liti = tj+l/i H ~~r{ti ~ ii+i) 

u+1 

hU+l = tik H --r{ti+l — ti) 

U+1 

2 _ {u-l)ei + 2 ^ 
u+1 

lilj — Ijlij \i J I ^ 1 
/ / / - ~ ^)^^ + ^ ; 

[u + ly 

Proof. Relations ([23]) are linear so one can interchange between the generators li and gi. The 
above presentation of YTL^^n follows then immediately from relations (I14p -(j22]) and relations 
(El. ' □ 



Remark 3. Setting d = 1 in the presentation of Proposition [H one obtains the classical presen- 
tation of TL„, as stated in Subsection 12.11 

3.3. A linear basis forYThd^n- We shall now show, employing standard methods, certain prop- 
erties of the algebras YTh^^n defined in Definition 1, such as dimension and canonical bases. Let 
Si be the elementary transposition -|- 1) G Sn- Consider the C— module: 

V = C [{Z/dZY X Sn] U, (24) 

where J is the submodule spanned by the elements: 

SiSi+iSi + Si+iSi + SiSi+i + Si + Si+i + 1 (25) 

and the action of Sn on is given by permutation on the indices: 

Sitj = ts^Q)Si. (26) 

By Eqs. [26] any monomial in V has the splitting property, that is, it can be written in the form: 

TnSi-^ ■ ■ ■ Si^ (27) 

where: 

Tn = t\^ ... fn" and ri . . . r„ € Z/dZ (28) 
In V we define a length function I as follows: 

l{TnSi^ . . . SiJ = l'{Si^ . . . Si^), (29) 



6 



D. GOUNDAROULIS, J. JUYUMAYA, AND S. LAMBROPOULOU 



where /' is the usual length function of Sn- The fohowing proposition estabhshes the algebra 
structure of V. 

Proposition 2. There is a unique structure of an associative C— algebra on the free C— module 
V = C [(Z/dZ)" X Sn] U, such that the following hold: 

_ f SiV for l{siv) > l{v) , . 

^''^ ~ \v' for l{siv) < l{v) [v = Siv') ^^^> 

and 

tj ■ V = tjV, (31) 
where v (zV. Moreover, the set of reduced words: 

5^ = {ti^ ■ ■ ■ tn {Si^Si^-l . . . Sij_fc-^)(Si2'Sj2-l • • • 512-^2) • • • (SipSip-l • • • •5jp-fep)} 5 (32) 

where 

ri, . . . , r„ G 'L/d'L, 1 < ii < 12 < . . . < ip < n — 1, 

and 

1 < ii — ki < i2 — k2 < ■ ■ ■ < ip — kp, 

is a linear basis for V . 

Sketch of proof . We briefly present the idea of the proof. One can follow the method explained in 
[H §7.1 - §7.3]. The algebra C [(Z/dZ)" xi Sn] is the underlying basic algebra of the Yokonuma- 
Hecke algebra which by [5l Remark 2] is a free C— module with the following basis: 

S = {ti . . . t'^n {^ii^ii-l ■ ■ ■ •Sii-fci)(Si2Si2-l ■ ■ ■ 542-^2) • • • (SipSjp-i . . . Sjp_fcp)| , (33) 

where 

ri, . . . , r„ € Z/dZ, 1 < ii < i2 < ■ ■ ■ < ip < n — 1. 
Using the generating relations of J on any word w in S' one can rewrite all SjSj+iSj terms that 
may appear in w as: 

•SiSj+lSj = — Sj+lSj — SjSj+l — Si — Sj+l — 1 (34) 

so one can easily conclude that V can be regarded as a free C— module with basis the set S'. 

Assume now that V does admit an algebra structure satisfying relations (j30p . (j3ip and (j26p . 
Then V is in fact generated as an algebra by the Sj's and t^'s, together with 1. Further, iteration 
of relations (f30l) . (fSTI) and (I26p enables us to write down the full multiplication table for the basis 
elements of V . So the uniqueness assertion in the proposition is clear. 

As for the existence of an algebra structure, it is very awkward to introduce directly into the 
C— module V the extra structure required. Instead, we exploit the existing ring structure in 
End(y), the algebra of all C— module endomorphisms of V. If V has an algebra structure, the 
left multiplication operators corresponding to elements of V will generate an isomorphic copy of 
this algebra inside End(y). To conform with relations (130p . (I3ip and (126p . the left multiplication 
operators Ac,- corresponding to the elements Sj would have to behave as follows: 

^ f SiV for l{siv) > l{v) 

'^'^ ~ 1 ^' foi" K^iv) < l{v) {v = SiV') 

We define also the multiplication operators corresponding to the elements tj G Z/dZ: 

Xt^v = tjV. 

Similarly we define the right multiplication operators pg. and ptj. Now define endomorphisms 
A<j. , Xtj, and pt- of V by the preceding rules. Check that every A^, commutes with every psy 
Then map the subalgebra of End(l^) generated by Xg^, . . . , As„_i, Xt^ . . . , Xt„ onto V by sending 



THE YOKONUMA-TEMPERLEY-LIEB ALGEBRA 



7 



an endomorphism to its value at 1. Use commuting property to see that this map is actually 
one-to-one, which allows the algebra structure to be transferred to V. Finally, verify relations 
(j30p . (f3T]) and (f26|) for the left multiplication operators and the proof of the proposistion is 
completed. □ 

Note that the algebra V = C [{Tj/dl^Y'' x Sn] I J is the underlying basic algebra of YTL(i^„. 

In order to find a linear basis for YTL^ „ we will first discuss some basic properties of the 
monomials in YTL^^^. Clearly, by relations (fT7|) and (I19p . any monomial in YTL^^n has also the 
splitting property, that is, it can be written in the form: 

w = TnQi^ ■■■9ik 

where: 

Tn=fi... and ri, . . . , r„ G Z/dL. 

Such a word shall be called reduced if it is of minimal length with respect to relations (jl4p . (jlSp . 
P6p . (j22p and with respect to a length function on YTL^^^^ defined as follows: 

KTnOh ■ ■ ■ 9in) = KTnSi^ . . . Si„). (35) 

Proposition 3. Each word in YTL^^ ^^ can he written as a sum of monomials, where the highest 
and lowest index of the generators gi appear at most once. More precisely, the following set of 
reduced words 

S = {t^^ . . . .5n-fci)(5i2ffi2-i • • •5j2-fc2) ■ ■ ■ • • -Sip-fcp)} (36) 

where 

ri, . . . , r„ G 'L/d'L, I < ii < i2 < . . . < ip < n — I, 

and 

1 < ii — ki < i2 — k2 < ■ ■ ■ < ip — kp, 

spans linearly the Yokonuma-Temperley-Lieh algebra YTL^^^. The highest index generator is gi^ 
of the rightmost cycle and the lowest index generator is Qi^-k^ of the leftmost cycle of a word in 



Proof. An analogous statement holds for the Yokonuma-Hecke algebra Y^ „ where only the high- 
est index generators appear at most once [5l Proposition 8]. Since YTLd^„, is a quotient of the 
algebra Yd^n the highest index property passes through to the algebra YTL,^^^. The idea is anal- 
ogous to |12l Lemma 4.1.2] and it is based on induction on the length of reduced words, use of 
the braid relations and reduction of length using the quadratic relations (|16p . For the case of 
the lowest index generator gi we use induction on the length of reduced words and the linear 
relations (j22p . Indeed, clearly, the statement is true for all words of length < 2, namely for words 
of the form r„, Tngi Tngig2 and Tng2gi- 

For words of length 3: Let w = Tng\g2gi- Applying relation (|15p will violate the highest index 
property of the word, so we must use the linear relation (|22p and we have: 

Tngi92gi = -Tng29i - Tngig2 - Tng2 + Tngi - Tn 

We will show the lowest index property for words of length r + 1. Let w = Tngi^gi2 ■ ■ ■ Oi^ be 
a reduced word in YTL^^^ of length r + 1, and / = min {ii, . . . , ifc}. 

Let first w = TnWigiW2giW3, and suppose that W2 does not contain gi. We then have two 
possibilities: 
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If ■W2 does not contain then gi commutes with ah the gi's in ■W2 so the length of w can 

be reduced using the quadratic relations (jl6p for gf and we use the induction hypothesis: 

w = TnWigiW2giW3 

= TnWiW2gfws 

= TnWiW2il + (u - l)ei{l + gi))w3 

= TnWiW2W3 + TnWiW2{u - l)e;(l + gi)w3. 

If does W2 contain gi^i, then, by the induction hypothesis W2 has the form W2 = 'fi5/+if2) where 
in vi,V2 the lowest index generator is at least gi-\-2, hence: 

w = TnWigiVigi+iV2giW3 
= TnWiVigigi+igiV2W3 
= TnWiVigi+igigi+iV2W3, 

and there is one less occurrence of gi in w. In the case where l+l = m, where m = max {ii, . . . i^}, 
we apply instead the linear relation (I22p , so no contradiction is caused with respect to the highest 
index generator. Continuing in the same manner for all possible pairs of gi in the word we reduce 
to having gi at most once. 

We will prove the second part of the statement by induction on the length of a word. An 
analogous set of monomials S formed by replacing the Sj's by the gi's in Eq. [33l lifts to a basis 
for the Yokonuma-Hecke algebra Yrf „ jS] Proposition 8]. Namely, 

S = {t^^ . . . .5i,_fcJ(5ri2C/i2-l • • -^2-^2) • • • ■ ■ -Sip-fcp)} (37) 

where: 

ri, . . . , r„ € Z/dZ, 1 < ii < i2 < ■ ■ ■ < ip < n — 1, 

and so, S spans linearly the quotient YTLrf^„. Note that in S there is no restriction on the 
indices ii — ki, . . . ,ip — kp. Starting now with a word in the set S, we will show that it is a 
linear combination of words in the subset S. The statement holds trivially for words of length 
0,1 and 2, since such words are in S. For length 3 consider the representative case of the word 
Tn9ig2gi which is not in S. Applying the linear relation (122^ a linear combination of words in 
S is obtained (see Eq. [37]). Suppose now that the statement holds for all words of length < q, 
namely, that any word in S of length q can be written as a linear combination of words in S. 
Let It; be a word in S of length q + I which is not contained in S. Then w must contain a pair 
of consecutive cycles: 

{9ii9h-i ■ ■ ■ 9k)i9i29i2-i ■ ■ ■ 9l), 
where k > I. It suffices to consider the situation where 12 = ii + 1, otherwise the generators of 
higher index may pass temporarily to the left of the word. Next, we move the term g^ as far to 
the right as possible obtaining: 

i9ii ■ ■ ■ 9k+i){9i2 ■ ■ ■ fl'fe+2gkgk+igk5fc-i • • • 9l)- 

We now apply the linear relation (j22p and we obtain five terms, all of length < g + 1, and we 
apply the induction hypothesis. More precisely, we have the following five terms: 

,5'fc+2gk+igk9fe-i ■■■91) 
, gfc+2gk+i5fc-i ■■■91) 
'9k+2gk9k~i ■■■91) 
■fl'fc+2gkgk+i9fc-i ■■■91) 
■ 9k+29k-l ■■■9l) 



{9ii ■ 


■ ■ 9k+l){9i2 


{9ii ■ 


■ ■ 9k+l){9i2 


{9ii ■ 


■ ■ 9k+l){9i2 


i9h ■ 


■ ■ 9k+l){9i2 


{9h ■ 


■■9k+i){9i2 
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To see the exact position of the highest and lowest index generators in the words of S one can 
observe that the position of the highest index generator gi is already clear in the set S (cf. [5] 
To establish the position of the lowest index generator in the words of S we shall analyze 
each of the five terms above. In the first term a cycle of smaller length is created and the 
difference between the lowest indices of the two cycles, k + 1 and /, increases by one, so we need 
to apply the linear relation once more. In the second term the subword (^^-i ■ ■ ■ gi) may pass to 
the left (since the generator g/^. has disappeared), so we obtain the following word: 

{9k-i ■ ■ ■ gi){gii ...gk+i){gi2 ■■■9k+i)- (38) 

This word contains two cycles with the same lowest index generators, hence we need to apply 
the linear relation (j22p as above. In the third term, g^ returns to its original position and the 
subword (^fc-i ■ ■ ■ gi) may pass to the left, obtaining a word in the set S, namely: 

{9ii ■ ■ ■ 9k+i9k9k^i ■ ■ ■ 9l){9i2 ■ ■ ■ 9k+2)- (39) 
The same holds for the forth term, which can be rewritten as: 

i9ii ■ ..9k+i9k9k-i ■ --gOigii ■ ■■9k+i)- (40) 
Finally, in the fifth term, the subword [gt-i ■ ■ ■ 9i) may pass to the far left, namely: 

{9k-i ■ ■■9l){gh ■ ■■9k+i)i9i2 ■ ■■9k+2), (41) 

which is a word in the set S. The fact that the lowest index generator gi appears in the leftmost 
cycle of the monomial in S is now clear from Eqs. [38l [39l HO] and HU Concluding, in each 
application of the linear relation (j22p the length of w is reduced by at least one, so, from the 
above and by the induction hypothesis the proof that S is a spanning set is concluded. □ 

Theorem 2. The set T, of Proposition is a linear basis for the Yokonuma-Temperley-Lieb 

( In 

algebra. Furthermore, dim(YTL^ „) = d^Cn = c?" ^ 



n+l I n 

Proof. By Proposition [3] the set S ()36p spans YTL^^^ linearly. To prove linear independence of 
the spanning set S, we adapt the method used by Juyumaya in [5] (see also H] and [3]). In 
Proposition [2] we showed that the underlying algebra V defined in has the basis S', recall 
Eq. [32l The idea is to define certain C— algebra representations A and p from YTL^ „ to the 
algebra End(y) and show that the map that sends each w G YTLrf_.„ to Atu(l) G y is a bijection. 
For tj G (Z/dZ)" we define Aj^. and pt^ G End{V) as: 

Xt^v = tjV and p^.v = vtj, v G V. 

Also for gi G YTL^^^ we define A^. and pg. G End(y) as follows: 

_ J SiV for l{s,v) > l{v) , . 

\ Siv + {u-l)e,il + .s,)v for l{.s,v) < l{v) ^^^> 

■ \ vsi + {u - l)v{l + Si)ei for l{vsi) < l{v) 

where v V and / is the length function defined in Eq. [35j We will also need the morphisms 
Ae,,pe, €End(y): 

>^e.v-='/t.^uKZ-^ Pe.v:=lY.P^P^- (44) 

m=0 m=0 
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where the multiphcation between the mappings stand for composition. We have: 

Pr\s = XsPr r,S e {ti, . . . ,tn,gi, ■ ■ ■ ,gn~l} (45) 

Indeed, it is obvious that ptiXtj = ^tjPu, for any ti,tj € Z^. It can be easily shown that 
P9i\j — ^QjPgi ™y ^' Ji '^y distinguishing the cases for the length of v, SiV, vsj and SiVSj (see 
[H Lemmas 3 and 5]). Also, that the mappings Xtj and ps^ (respectively ptj and Ag.) commute 
by distinguishing the cases for the length of v, SiV and vsi. We shall show indicatively that 
^tjPsi = Psihj- Indeed, for v 
If l[vsi) > liv), 

= tjVSi 
= PsMj^) 

= ps^tA^)■ (46) 

If l{vsi) < l{v), 

^t,Ps,{v) = \tj{vsi + {u - l)v{l + Si)ei) 

= \tj{vsi) + \tj{{u-l)v{l + Si)ei) 

= tjVSi + {u- l)tjv{l + Si)ei 

= Psiitjv) (since l[tjVSi) < l{tjv)) 

= ps^tAy)■ (47) 

Thus in either case the two morphisms commute. We will next show that the mapping: 

gi ^ Xg. and tj Xtj 

defines a homomorphism of C— algebras: 

A : YTLrf,„ ^ End(y) (48) 

Indeed, we have to show that the induced endomorphisms (for each g^i^ tj^ satisfy the YTL^^^ 
relations. We shall use the notation Aj := A^^, pi := pg.. Let v (zV. For the quadratic relation 
(|16|) we have: 

If l{SiV) > l{v), 

X^v = Xi{siv) 

= sjv + {u - l)ei{l + Si)siV 

= V + {u-l)ei{l + Si)siV 

= [I + {u - l)ei{l + Si)si)]v 

= [1 + {u- l)ejSj + {u- l)eisj]v 

= [I + {u - l)ei{l + Si)\v 

m=0 

m=0 m=0 
= id{v) + {u - l)XeiV + {u - l)Xei{XiV) 

= [id+{u-l)XeSd + Xi)\{v), 
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where id is the identity map in End(y). 

If l{SiV) < l{v), 

X^v = \i{siV + {u - l)ei{l + Si)v) 

= \i{siV + {u — l)eiV + (n — l)eiSiv) (set v' := siv) 

= \i{v' + (n — l)eiV + {u — l)eiv') 

= Siv' + {u — l)eiXiV + {u — l)eiSiv' (since l{siv') > l{v')) 

= V + {u — l)eiXiV + {u — l)eiV 

= id{v) + {u - l)XeiXiV + {u - l)Xe^V 

= id{v) + {u- l)Ae. {v + Xiv) 

= [id+{u-l)Xe,{id + Xi)]{v), 
where id is the identity map in End(y). 
Thus, in either case: 

Xl = id+{u-l)XeSd + Xi). (49) 

Let now v = . . . t^"(sjiSjj„i . . . Sj^.^J . . . (sjpSjp-i . . . Si^^kp) an element in the basis ([33]) of 
V. We then have: 

V = {pip-kp ■ ■ ■ Pip~lpip) ■ ■ ■ {ph-ki ■ ■ ■ pn-ipn)p't'^ ■ ■ ■ pIi (1) 
Setting p := {pi^-kp ■ ■ ■ pip-ipip) ■ ■ ■ {ph-ki ■ ■ ■ Pn-iPn)p'C ■ ■ ■ p[l^ we have v := p{l), so: 



XiXjiv) = XiXjpil) pXiXj{l) = p{siSj) 
= p{sjSi) (since \i — j\ > 2) 
= ^AjAi(l) 



XjXip{l) = XjXi{v). 
Thus, relation (jl4p is also established: 

KXj = AjA,. (50) 
A similar calculation, using v and p above, leads to the relations: 

AiAj+iAj = Aj+iAjAj+i (51) 
AiAj^. = A^j^jAj. (52) 

Finally we have that: 

(AjAj+iAj + AjAj+i + Aj+iAj + Aj - Aj+i + id){v) = 

{XiXi+iX,){v) + (AiA^+l)(^') + {Xi+iXi){v) + {K+i){v) + {Xi){v) + v 



XiXi+iXip{l) + XiXi+ip{l) + Xi+iXip{l) + Aj+i^(l) + Xip{l) + p{l) = 
pXiXi+iX^il) + A,Ai+i(l) + ^Ai+iAi(l) + Ai+i(l) + ^A,(l)A,+i(l) + ^(1) 

p{SiSi+lSi) + p{SiSi+l) + p{Si+iSi) + /U(Si+i) + p{Si) + p{l) = 



1N El ^ 

P[SiSi+lSi + SiSi+l + Si+lSi + Si+l + Si + 1) = 0. 

So we have: 

AjAj+iAj + AjAi+i + Aj+iAi + A^+i + Xi + id = (53) 
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By Eqs. |49l [50l EH [52] and [53l it follows that A is a representation of YTL^^^ in End(y). 
We shall next show that the C— linear map: 

(/. : YTLrf,„ ^ V 

that sends W to \w{^) '■= w \s a bijection. Let be a word in the spanning set S, that is: 

W = tlHl^ . ..f^{gi^gi^_i . . . gi^_k,) . . . (fi-ipS-ip-i • --dzp-kp)- 

Then, by Eq. SHJ W corresponds to \w G End(y). Since A is an algebra homomorphism we 
have: 

Avy(l) = w = tlHl^ . . . Q{si,Si,-i . . . Si,-ki) ■ ■ ■ {sipSi^-i ■ ■ ■ Si^-kp)- 

By Eq. [32l this is a word in the linear basis S' of V and as noted in Proposition [21 ^« is reduced. 
The map (j) is clearly surjective by construction, since: 

w = (l){t\Hl^ . ..Qign ■ ■ -Sn-fci) • • • i9ip ■ -.gip-kp))- 

To show that (j) is injective, let x € YTLf^^^ such that (j){x) = 0. We will show that x = 0. Since 
S is a spanning set for YTL(i^„ we have that x is a linear combination of words in S: 

where Wj € S and qi £ C. From (j){x) = 0, equivalently we have, 

<lim^) = 0. 

Since Aa;(l) = 0, we have: 

gAH^,(l)=0, 

which leads to: 

qiWi = 0, 

where Wi are elements of the set S'. But by Proposition [2 S' is linearly independent. Hence 
= for all i, hence x = 0. Therefore, S is a basis for the YTL^y^ algebra. Finally, the 
dimension of YTL^^ is: 

dim(YTLd,„) = d^Cn = d""^^ 

since dim(TL„) = C„, and there are d choices for each framing generator. This concludes the 
proof of Theorem [2l □ 

4. The Juyumaya trace does not pass through to the quotient algebra 
4.1. In [1], Ocneanu has proved the existence of a unique Markov trace on the Hecke algebra. 

Theorem 3 (Ocneanu). For every z € C there is a linear trace tr on Uj^]^H„(g) uniquely defined 
by: 

(1) tr(a6) = tr(6a) 

(2) tr(l) = 1 

(3) tT{xgn) = ztr(x), x G H„(g') 
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We will present here briefly Jones' combininatorial methods for defining the Markov trace on 
the Temperley-Lieb algebra as factoring of the Ocneanu trace on H„(g). The least requirement 
is that the Ocneanu trace respects the linear relation ((S]). For this Jones found two solutions: 

z = and z = —1. 

The one with the topological importance is the first. He then showed that for this value of z the 
trace of any word containing an expression of the form: 

is equal to the trace of the same word with that expression replaced by: 

—Gi+iGi — GiGi+i — Gi — Gj+i — 1. 

In order to find out whether the Juyumaya trace passes to the quotients YTL^ „ we will follow 
the same method: The least requirement is that the Juyumaya trace respects the linear relation 

ii{gigi+igi) - iT{gi+igi) - tr(c/iC/i+i) - iT{gi) - ir{gi+i) - tr(l) (54) 
Solving Eq. [5l]and setting E^^ := tr(ei), we find two solutions for z, zi and Z2 respectively: 



-uEd ± ^/{u^d - Ed + 3)2 - 4(n - 1) + Ed - 3 , , 

"^'^ = ^ ^ 

Note that for d = 1 we obtain for z the solutions of Jones mentioned above. We now have to 
examine whether for these solutions of z the Juyumaya trace respects the linear relation (f22|) in 
any arbitrary word. 



Lemma 1 ([5], Proposition 8). Every element in y^d,n+i is a linear combination of words, each 
of one of the following types: 

WngnOn-l ■ ■ ■ Qit^ Or t^j^^Wn k G Z/dZ, 

where ki € Z/dZ, Wn € ^d,n- 

The inclusions in Eq. 1131 induce the following inclusion of algebras: 

YTLd,o C YTLd,i C YTL^.s C . . . (56) 

which in turn induces, the inductive system (YTLd,n)nGN- Let YTL^^oo '■= UneN ^'LLd,n(^) be 
the corresponding inductive limit. 

Theorem 4. The Juyumaya trace on Y^^oo does not pass through to the ^wo^ze/ii YTL^^oo- 

Proof. Should the Juyumaya trace pass through to the quotient YTL^^oo at all, this could only 
happen for the values zi or Z2 computed in Eq. [55j Assume that we wanted to show that tr 
respects the linear relation (p2|) . One would then need to show that for any element of UngN ^d,n 
of the form wigigi+igiW2, where wi,W2 € UneN^f^."' respects the linear relation ()22p applied 
on gigi+igi, for z = zi or z = Z2. Since: 

tr{wigigi+igiW2) = iT{w2Wigigi+igi), 

it is enough to show the above for any element of the form wgigi^igi, namely that: 

ti{wgigi+igi) + tr{wgigi+i) + tr{wgi+igi) + ti{wgi+i) + tT:{wgi) + tT:{w) = (57) 
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where w € IJneN^'i,"' ^^^^ t)y linearity of the trace, w can be assumed a monomial, in fact a 
basis element in some Y^^^. For n = 0,1,2 the statement holds trivially. The problem starts 
with n = 3. More precisely, for n = 3 we have the following possibilities for w: 

For each of the above words Eq. [57] fails. For proving the theorem it suffices to show it for one 
case. We consider the word w = t^^tg^tl G YTL^^s. We then have for the trace of the word 
w 919291 ■ 

t'c{w9ig29i) = •ztr(t^i+''t2'9f) 

= zxk-,+kXk2 + {u- 1)zE[^^^''''^''^ + {u- l)z^Xfc,+fc2+fe (58) 
On the other hand if we apply the linear relation (I22p first we have: 
W919291 = t\H^^Hlgi92gi 

— ~*1 *2 *392fl'l - *! t2 h9l92 - Ii l2 *392 " 1391 - ii h h 

Taking the trace of the above expression we obtain: 

tr(w;9i929i) = tT{t'lH'^H^gi929i) 

— Xki+k2+k Z XkiXk2+k ^ Xk Xki-\-k2 -^fci 3^fc2 •^fc 

(59) 

From Eqs. (|58p and ()59p . in order for tr to respect the linear relation (|22p .we should have 
that: 

zXk^+kXk2 + {u- l)zEf''^''''^''^ + (n - l)z'^Xk^+k2+k = 



2^; Xki-\-k2+k ZXkiXk2+k ^XkXk-^-\-k2 ^fci ^fc2 ''^fc 



or equivalently: 



(n + l)z^ Xk^+k2+k + {xki+kXk2 + Xk^Xk2+k + XkXk^+k2)z + {u - l)zE^i+^2+fc _^ 
+Xk^Xk2Xk = (60) 
Substituting now in Eq. [60] the value for z that we computed in (j55p , we have for z = zi: 



I , ,,, -nE, + V(nE,-E, + 3)2-4(n-l) + E,-3 ^2 , , 

{u+^){ _ ) + [Xki+kXk2 + XkiXk2+k + 

.,-uEd + ^{uEd - Erf + 3)2 - 4(u - 1) + Erf - 3 
+3;fcXfc,+fe2)( ^- _ ) + Xk^Xk2Xk 7^ 0. 

For z = Z2, we have: 



-uErf- V(nErf-Erf + 3)2-4(n-l) + Erf-3 2 , , 

(lt+l)( —r 7\ ) + {Xki+kXk2 + XkiXk2+k + 

2[u — 1) 

.,-uEd - y'iuEd - Erf + 3)2 - 4(n - 1) + Erf - 3, , 
+XkXk,+k2)[ - 1) Xk^Xk2Xk T 0. 

So for the values of z that we computed in Eq [55] tr does not respect the linear relation (j22p , 
and so the Juyumaya trace does not pass through to the quotient YTLrf^„. □ 

Remark 4. We find the result of Theorem [1] rather unexpected given what we know on Markov 
traces and knot algebras. It is now clear that in order for the Juyumaya trace to pass through 
to the quotient algebras, we must impose extra conditions on the parameters of the trace. Our 
computations indicate that finding such conditions is a very complicated task. 
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